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Event-related potential (ERP) example

Visual stimuli
Faces Scrambled
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Hypothesis: difference in ERP to faces and scrambled faces ?



field intensity
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ERP example: one channel and time point

Trial-by-trial variability
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Images of MEG/EEG data
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Mass-univariate statistical framework

2D time-frequency 3D source images
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2D pixel or 3D voxel
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Mass-univariate statistical framework
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Linear model

M/EEG data Faces Scrambled Residual error

Y = x5 + x5 =+ €



General linear model

Linear regression

y=XxoPo +x101 + ... +xp0p + €

Matrix formulation

Y=XB+c¢
V1 X11 X1p xip| [B1
Yn| = | Xnl Xnp XnP 61?
VN _ | XN1 XNp XNP _5})




General linear model

N v N v N v

N x I data points, N x P predictors, P x I parameters, and N x I residuals



Voxel-wise linear model

Design matrix encodes

2D or 3D image

experimental factors and confounds

Y X B

2

2D pixel or 3D voxel

NNV
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GLM assumptions

Residual errors are independent and identically distributed (i.i.d.)

e ~N(0,0°])
If X has full rank, the moment matrix (X' X) is invertible
=X X)Xy

If X'is overdetermined with N > P, X is rank deficient

(X' X) is only invertible using Moore-Penrose pseudo-inverse

B=X"X)"Xy



Parameter estimation

Iff residual error is i.i.d. and Gaussian

e:y—XBA

|

Ordinary least squares (OLS)

B=X"X)"Xy

T R -
|

minimise S = é? w.rt (3 (objective function)
i
oS ~ A X
~ =2 Z<_x(i,p))(Yi —xanbi — .. —xapPp) =0
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Parameter estimation

Parameter estimates Normally distributed

B=X"X)Xy B~ N(@B,(X X))

Predicted responses

A

y=Xp

Variance (pooled)

AN

e=y—J




Parameter estimation: a geometric perspective

Ordinary least squares

B=X"X)""XTy

Residual forming matrix
€ = Ry
R=I—-P

Projection matrix

Design space of X

Py

Y
P=xx"x"'x"
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-contrast

voxel-wise
Constrast vector

c=[1-1]"

T null distribution

T statistic

P value (one-sided)

p(T > t|Hy)




-statistic

X — Size of effect

_ c f
Vo2 (XTX)c
7 AN
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Variance of effect Design efficiency —

Contrast estimate is normally distributed

"B~ N(e" B, 0% (e (XTX)7e))



Two-sample t-test
SPM-t

Between-groups design

A B Constrast vector . -
c=|1—1]

One-sided hypothesis test

¢’ <0 (nul)

c' B > () (alternative)

Linear combination of parameters
(1% B1)+ (1% 3) >0

81—82>0




Paired t-test _—

Repeated-measures design

A B

Constrast

c=[1-10...0]"

One-sided hypothesis test
¢'8<0 (nul)

c' B > () (alternative)




F-test: extra sum-of-squares principle

F-statistic

RSSy — RSS
RSS

ESS
X Rss

X

RSS =Y €

R85y = 0 — Z € reduced

Full model

Xo X
N N —

Reduced model

Xo




F-contrast

Contrast matrix
Reduced model

X = Xco c= |10
_ 0 1
Co — [p — CC (Contrast orthogonal to ¢)

X Xo

Projection matrix

M=Ry—R
Ry = 1, — XoX,, (Residual forming matrix of Xp)
R =1,— XX (Residual forming matrix of X)

F-statistic

Y'MY /v,
= — ~ FVW2
YTRY /v,




[-statistic

Variance explained by full model

/

- Y'MY /[y

~ Y'RY /v, o
\

Variance explained by reduced model

Degrees of freedom

v = rank(X) — rank(Xp) (Design degrees of freedom)
vy = N — rank(X) (Error degrees of freedom)



F-contrast

Constrast matrix

ot

F statistic

voxel-wise

F null distribution

YTMY /v,
— T ™~ Fl/layz
YTRY /1

P value

p(Fo > F|Hy)




F-test and uni-dimensional contrasts

SPM-F
Between-groups design
Constrast vector
A B - -
. c=11—-1|

Two-sided hypothesis test

CTB =0 (null

cl B # () (alternative)

Uni-dimensional test of parameters

Testing 3] — 0 = 5 — [




F-test and multi-dimensional contrasts

SPM-F
Between-groups design Constrast matrix
1 0
= -
A 5 c {0 1}

Two-sided hypothesis test

CTB =0 (null)

c B # (0 (alternative)

Multi-dimensional test of parameters
Hy : 51 =06,=0
Hy 33;{ c B £ 0 (atleastone ()




F-contrast: any effect

One-way ANOVA Constrast matrix

)

|
SO OO =
SO O = O
S o= O O
S = O O O
SO O O O

Multi-dimensional hypothesis test

Hy :B1 =5 =P3=P4=0
H :EIBkEﬁA #O (atleastoneﬁk)




F-contrast: any difference

One-way ANOVA
Constrast matrix

1T -1 0 o0 0]

0 1 —-1 0 0
C=1o0 0o 1 -1 0

00 0 0 0

Multi-dimensional hypothesis test

H() ICTB:O

H, : Elc];rﬁ - CTB -+ () (at least one contrast)




GLM summary

Special cases of the GLM Y=X5+e¢
* [-test
« F-test %

* multiple regression
 Analysis of variance (ANOVA)

* Analysis of covariance (AnCova)

Design space of X



Orthogonal regressors

Design matrix

Variance explained by X Variance explained by X»




Correlated regressors

Regression model

|

cos(¢) = +/— Explained variance shared between regressors



Correlated regressors

Testing for X

Variance explained by X1
x Aq paule|dxa soueLep

Explained variance shared between regressors



Correlated regressors

Testing for X

Variance explained by X1
x Aq paule|dxa soueLep

Explained variance shared between regressors



Orthogonalised regressors

Regression model

cos(¢) =0



Orthogonalised regressors

Regression model Gram-Schmidt
| orthogonalisation
X1 X
L X| X
xz — X2 T xJ_
X1 X1 2

Unique parameters estimates

5}]_ b e d 32%32
{52 ( X) g Bl—>5}

cos(¢p) =0



Correlated regressors

Test full subspace of Xc

c=(X'X)c

c=(X'X)010]"

c=X'X)001]"

cos(9) = +/-
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